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Abstract

Algebraic expressions for projection operators and
symmetry-adapted functions (SAFs) of the icosahedral
group for spinor (double-valued) representations are
found by using the double-induced technique and
eigenfunction method. The SAFs are functions of the
angular momentum j, the quantum numbers A, v, i of
the group chain I O D5 D Cs, and the multiplicity label
m. By this procedure, SAFs for the group [ are provided
once for all instead of one j value at a time.

1. Introduction

A significant difficulty with point-group applications is a
dependence upon tabulated results. For example, there
are many tables of results for the icosahedral group I.
Using the SO; | [ subduced technique and projection-
operator method, the single-valued (s-v) symmetry-
adapted functions (SAFs) of 7 have been calculated by
Michel (1992), Cohan (1958) and Elcoro et al. (1994),
with [, = 10,12, 16, respectively. Both the s-v and
double-valued (d-v) SAFs of I have been obtained by
McLellian (1961) for j = O,%, ..., 8. These SAFs are
symmetry adapted to the group chain [ D Cs. The
I D D5 D C5 SAFs for both s-v (vector) and d-v (spinor)
representations (reps) have been tabulated for j = 0-8
by Butler (1981) using a build-up procedure. Prandl et al.
(1996) proposed a recursive method for constructing
SAFs of I with the totally symmetric SAFs obtained in
this way for angular momentum / up to 30.

In Altmann & Herzig (1994), the s-v SAFs of the
group chain I D T D C, are tabulated out to 12 digits
for [ up to 15, while the d-v SAFs are given in terms of
the so-called spin harmonics, which are constructed by
coupling the s-v SAFs with the spin wave functions
(belonging to the irrep E,;) using Clebsch-Gordan
(CG) coefficients in accordance with the CG series,
which reads (with the irrep notation of / shown in
Table 1)

Fi X Eyp = Eyp + Gy,
G X Eyp = E5; + 5,

F, X E, ) =I5,
H X E\ ) =Gy + Is).
(1
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The spin harmonics are linear combinations of the
products of Y,, and spin-wave functions. This repre-
sentation is rather cumbersome and usually reducible
with respect to O;. Some low-angular-moment d-v SAFs
of I are given as linear combinations of |jm) in Table
T74.6a of Altmann & Herzig (1994).

Except for Butler (1981), who introduced a build-up
procedure, the conventional scheme for constructing
SAFs is the projection-operator method. The construc-
tion of SAFs for a high-symmetry group like I using
projection is very difficult (Herman, 1997).

So far, we have only considered numerical solutions
for determining SAFs of point groups. The shortcomings
of numerical results are quite clear. For example, for
practical calculations one usually needs various tables,
which may not be readily available, and when they are
they are frequently subject to printing errors. Another
difficulty with tabulated material is that regularities are
hard to find. It is highly desirable, therefore, to obtain
analytic or algebraic solutions for all point groups, just as
we have for the rotation group. Recently, some progress
has been made in this direction. For example, algebraic
solutions have been reported for all dihedral groups
(Chen et al., 1999) and the tetrahedral group (Chen &
Fan, 1998a,b,c). What makes an algebraic solution
appealing is the fact that the irreducible matrices,
projection operators and SAFs are then functions of the
quantum numbers (A, @) characterizing the group chain
[in analogy with (j,m) for SO; D SO,] and these
expressions are valid for both s-v and d-v reps.

In a previous paper (Fan et al., 1999), we used the
double-induced technique and eigenfunction method to
obtain algebraic solutions for s-v reps of I. Simple
algebraic expressions were derived for the SAFs by
applying the reduced projection operators p" to Y.
The reduced projection operator of I contains only 4
terms instead of 60 terms, but plays the same role as the
usual projection operator. Therefore, its introduction
greatly simplifies the projection-operator method.
Indeed, the SAFs are merely functions of the angular
momentum /, the quantum numbers A, i of the group
chain I D C; and the multiplicity label m, without
involving any irreducible matrix elements. In this way,
the s-v SAFs problem of I has been solved once for all
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Table 1. The subduction rule for I |, Ds | Cs and eigenvalues (X, p) of (C, Cs,)

I Eyp Es)
12¢,, 12¢5),

Ds Ey ), Ey),
11 3 _3

M 2 72 » 72

to the irrep label u of Cs by p = exp(—2umi/5).

instead of one angular momentum / at a time. The
purpose of this study is to extend the treatment of the
s-v reps of [ to its d-v reps, so we can have a complete
algebraic solution for the icosahedral group.

2. The representation group

We restrict ourselves to the proper point groups, since
an extension to the improper point groups is straight-
forward. In dealing with spinor reps, it is useful to begin
with a brief introduction of the double-point-group

concept. Consider a point group G
={R:i=12...[Gl), R=R,@).

where R, (a)) denotes a rotation about the axis m;
through angle w;. The corresponding double point group
is

R, = R, (w; + 27).
®)

We use R;, i?i to denote the corresponding operators, or
matrices, of

Gl

A
A 2

R, R,

i
in a generic representation space. Rotations through an
angle ¢ and ¢ 4 27 are identical in a vector repre-
sentation space but differ in sign in a spinor repre-
sentation space. Therefore, in spinor space,

R =-R. 4)

1 1

A convenient way of dealing with the d-v reps of a point
or space group is by means of the so-called representa-
tion group (rep group) first introduced by Chen et al.
(1985).

Definition 1. The representation of a group G in a
representation space r forms a group, called the repre-
sentation group (rep group) G,.

Remark 1. The representation r may be reducible or
irreducible and may be faithful or unfaithful. In this
study, we are interested in faithful and reducible rep
groups only; unfaithful rep groups find their application
in Chen & Fan (1998b, p. 5505).

The elements R, R,,... of G, are matrices or
operators and if R, = ¢R,,, where ¢ is a complex number

Y
The four irreps of [ are labelled as E ,, E; ), Fy )5, I5), in Altmann & Herzig (1994) and as

Gs) I,
3 -2
El/ E1/z E/ [+% -3

|
I I

3 ; 3,3 in Butler (1981). The eigenvalue p is related

with |¢| =1, R, and R, are said to be linearly dependent,
otherwise they are linearly independent.

Definition 2. The number of linearly independent
elements of G, is called the order of the rep group,
denoted by |G, |

Remark 2. A fundamental difference between a rep
group and an ordinary group (i.e. a group in the usual
sense) is that the elements of the former may be linearly
dependent while those of the latter are always linearly
independent. When all elements of a rep group are
linearly independent, it reduces to the ordinary group.
In this sense, the ordinary group can be regarded as a
special case of the rep group.

Remark 3. A rep group differs from a matrix group in
the sense that for the latter all elements (matrices) are
regarded as linearly independent. For example, the
quaternion group O,

0 = {+e, tio,, :i:i(ry, +io,},
which is isomorphic to the double group D;
(Cy ~ —ioy, Cy ~ ioy, k =x,y, z), is of order 8, since

all elements are regarded as linearly independent. The
set of these eight matrices could also be regarded as a
rep group Q with four linearly independent elements.

Remark 4. The rep group used here is to be distinguished
from the representation group defined by Doéring (1959)
and Birman (1974), which is a group in the usual sense.

Remark 5. Owing to the linear dependence of its
elements, the class operators (a class operator is a sum of
all elements belonging to the same class) of a rep group
are also linearly dependent: some may be null operators
and some may only differ in signs.

It is important to note that for the rep group we have
the generalized Burnside theorem (Chen et al., 1985,
p- 230):

Theorem 1. A rep group G, has N inequivalent irreps, N
being the number of linearly independent class opera-
tors of G,; the number of times each irrep occurs in the
representation space r is equal to its dimensions and the
sum of the squares of the dimensions of all irreps is
equal to the order |G,|,
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Example 1. The rep groups G, of the inversion group

= (e, I) in the representation spaces r = g, u asso-
c1ated with I =1, —1 are G, = (e, ¢) and G, = (e, —e),
respectively. The former is unfaithful while the latter is
faithful, and both have only one linearly independent
element. According to Theorem 1, both only have one
one-dimensional irrep, and they are just the rep groups
themselves.

Example 2. The quaternion group Q has five classes with
class operators

Ci=e, C,=—e,
C4 = (lay) + (_iO'y),

The group Q ~ D; has five irreps, four one-dimensional
and one two-dimensional. On the other hand, the rep
group Q has only one linearly independent class
operator, C;, = —C, = e, C; = C;, = C5 = 0. According
to Theorem 1, the rep group Q has a single irrep, which
according to (5) is two-dimensional and is just the
representation group Q itself. Q is the spinor irrep of the
dihedral group D,.

C3 = (lO',() + (_io—x)’
Cs = (io,) + (—io,).

In the above examples, the representations on which
the rep groups are defined are irreducible. What we are
interested in are the cases where the representations are
reducible, and we now turn to the double group G'.

Example 3. The representation of G' in a generic spinor
space forms a rep group G of order |G|,

G={R.,—-R,:i=1,...,|G|}. (6)

Definition 3. The | G|-dimensional space
{R,:i=1,...,|G|}is called the group space of G, which
carries a representation space of G called the regular
representation of G.

The multiplication table of G is obtained from
that of G' by replacing (R;, R) with (R,, —R)).
The regular representation of G is in general reducible
and our central task is to decompose it into irreps.

Several methods are available for finding d-v irreps of
a group G; four of interest to us follow: (i) the double-
group method (Bradley & Cracknell, 1972); (ii) the
subduction method (McLellian, 1961); (iii) the repre-
sentation group method where the problem of seeking
the d-v irreps of G is equivalent to that of seeking
the irreps of the rep group G of order |G| (Chen et
al., 1985); and (iv) the projective representation method
(Altmann, 1986). Obviously, the third approach is much
simpler than the first one, since the order G is one half
of that of the group G'.

The treatment of the rep group Z is exactly the same
as for the s-v reps of the group 7 presented in Fan et al.
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(1999) but with a few modifications noted below. In the
following, we deal only with the rep group and for
simplicity we shall just say the ‘group’ instead of the ‘rep
group’ and use the notation 7, Ds, Cs instead of Z, Ds, Cs
for the respective rep groups.

3. The I D Ds D Cs projection operators

The rotation axes and the Euler angles of the 60
elements of the group I are shown in Fig. 1 and Tables 1
and 2 of Fan et al. (1999). With the Euler angles and the
rotation matrices D'/*(a, B, y) (Rose, 1957), the group
table of the double point group I” can be constructed
and is available upon request from JQC.

We first review the s-v case given in Fan et al. (1999).
A key for constructing SAFs is to find the projec-
tion operator. The normalized generalized projection
operator for the group chain I O C; is defined as

szwwwﬂde&mm (7)
where £, is the dimension of the irrep A, D™(R,) is the
irreducible matrix of the element R, and p is the
quantum number of the cyclic group Cs generated from
C;, = Cs4. For brevity, the generalized projection
operator is referred to as the projection operator.

Consider the double-coset decomposition of I with
respect to the subgroup Cs,

I= Z CSIB G = CS(/SI + ,32) + Cs(ﬁz + ,34)C57 (8a)
with the coset representatives chosen as
Bi=e B=Cuy Bi=Cos Bi=0Cs. (8D)

The projection operator (7) can be factorized into a
product of the projection operators P*, P* of Cy5 and the
reduced projection operator ga(k)“,

Py = (hy /60) 2P g PE, (%)
4
o = LM BB (9b)

where P* is the projection operator of C5 and M, is the
number of the times an element appears in the double
coset CsB,Cs,

(10)
The [ D Cs projection operator ’P/(fm fulfils the
following set of eigenvalue equations:

(C, Csp, C)PR = (ks )P, (11)

where C and Cs, are the CSCO (complete set of
commuting operators) (Chen, 1989) of I and Cs, the
quantum numbers A, u are labels of the irreps of I and
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Cs, and CSZ is the intrinsic operator, which is the
operator Cs, acting from the right, CSZPA 4 P(A)”CSZ

The modifications necessary for extending the
method of Fan et al. (1999) for the s-v case to the d-v
case are:

Modification 1. Possible eigenvalues of the CSCO,

Ma\

€= [Gs; + G5, (12)
j=1
of I in a generic spinor space are
12¢,,[=3+305)"%,  12¢;,[=3-3(5""], 3, -2,
(13)

with ¢, = cos(2wu/5), which correspond to the four
d-v irreps, (Ej), E5p, Gy, lsp) in the modified
Mulliken notation, as shown in Table 1. As will be seen
later, this notation is very convenient for obtaining
algebraic expressions of the projection operators.
The eigenvalues A" of C for the irrep I" in (13) can be
found by solving the eigenvalue equation of C shown in
(20b) or by the known character x! for the class i,
{Cs’j, C;j :j=1,...,6}, through the relation

"=gxi /hr,

where A is the dimension of the irrep I' and g, = 12

is the number of elements in the class
{CSJ-,C;J j=1,...,6}
Modification 2. The operator
Cs = Cs, = exp(—2mnJ_i/5) (14)

remains the CSCO of Cs but C3, is no longer equal to the
identity operator e. Instead, we have C3, = —e. In a
spinor space, the operator Cs, has five distinct eigen-
values:

p=p, =exp(—2mui/5), p ==+, 43,3 (15)
Note that
(P =—p", P =-CL,
Pip = =P P3p=—Pys Psp=—P =L

The unnormalized projection operator P* in (9a) of the
cyclic group Cs is defined as

9
Pr= Pt =13 (0 (G
k=0

= e+ p'Cs, + 07 C3, + p°C5) + pCs,. (16)

Modification 3. For the d-v case, the group chain
1> D5 D Cs is canonical while 7 D Cs is not. The
I D D5 D Cs projection operator is denoted by P(MW
and obeys the eigenvalue equations

SYMMETRY-ADAPTED FUNCTIONS OF THE ICOSAHEDRAL GROUP

(Cs CD59 Cst éDsa 651)7)8;3‘}/1 = ()"a v, pus ljv pﬁ,)Pi}ZBVﬂv

17)

where Cp_ and CD are the CSCO of Dy and the
intrinsic group D;. From the subduction rule (Butler,
1981) shown in Table 1, it is known that the subgroup D5
is redundant for all cases except u = 5 . Therefore, for
nw 75 the eigenvalue equations for Cp, and C Ds 1n 17)
are redundant On the other hand, the irrep i =3 of C;
occurs twice in the irrep I /2 which is distinguished by
the irreps [+3], [—3] of Dy in Butler’s (1981) notation
(the square brackets are added here to distinguish them
from the quantum number p = =+3) or I';, Fs in the
Koster et al. (1963) notation. Since the irreps [+3] of D;
are one-dimensional, the diagonalization of (Cp, ,Cp )
can be replaced by a much simpler procedure, that i is, by
the diagonalization of a single twofold rotation of Dy
and its intrinsic counterpart, for example, (C, 4, C2 g)-

A discussion of the labelling is in order for the
I D D5 D C; basis. From Table 1, it can be seen that for
W # 3 the v label of Dy is redundant,

()‘-a E|M|7 H’)_) ()"7 l’l’)ﬂ n = :l:l’:t%

When v = [£3], the quantum number p =
dant,

5 2 is redun-

(. [£31.9) = (& [£3D.

Therefore, the I D Ds D Cs irreducible basis can still be
labelled by two quantum numbers (A, i) but with the
above extended meaning for p = [+3],

(o), p==45+3, [F3]
As for the s-v case, the following orthonormal vectors,

1 1 ) 2
bup = ‘Suﬂ‘bu’ b = 8P )
¢;/.p. = P C2 13Pl ¢4 Th %PMCZ,SPMv

Wit

(18a)

form the double-induced representation (i, [t), where
¢, = (1/5"2P*, ¢, =(1/5)P*Cys.  (18b)

There are altogether 5+ 5+425-+25 =60 linearly
independent basis vectors in (18a) and (18b), which is
just the order of the rep group 1.

The representation matrix M of the CSCO of the
group [ in the double-induced representation (i, 1) is

M, 1) = (1,7 1CI¢0, ) (19)
The projection operators can be expressed as
P(MA)M = Z ufkp)m win? (20a)

*)_ are determined from the

and the coefficients u; = u;’,;

matrix equation
M(p, f)uy; = dugg)

WL

(20b)
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Table 2. The value of s

= —0C = —C;

(1 + 51/2)/4 (1 5‘/2)/4

4 == L =—hp

[54-2(5)”2]‘/Z -5 —2(5)”21”2
where w={uy,...,uy}eoumn are orthonormalized

column vectors.

Using the group table of I' and techniques similar to
those used in Chen & Fan (1998a), we can determine the
action of C in the double-induced representation, which
can be simplified as

Co), = 2¢, ), + 2(5)%is,, P},
Col, = 2¢,47, — 2(5)Pisy, 4.,
Cop = 25)Pisy, 8,y +2(c, + i+ )P

4
- 2(C2u+2,z + c3/l.+2[7.)¢/1,ﬂ’

4 1/2; 1 3
C¢,L,z =—2(5) lszusmﬂ’ﬂ - 2(02,4+2;1 + C3H+2,z)¢u,z
4
+ Z(C# + Ca + Cufﬁ)qsml‘
(21)
From (21), we get the matrix M,
.8, 0 . 0 —i5'5,,8,,;
M=2 0 C‘/L(SM i 585,81 0 '
- 20 —is! 52;45/1 i [ i P “Cous2i — C3u+2i
is'/ Szu‘swz 0 —Copyoi — Cauqoi Cp Tt
(22)

Here and below, we use the following three symbols for
commonly occurring quantities:

¢, =cos(2um/5), s, =sinQum/s),

= tan(2um/5). @3)

The table of numerical values for these quantities is
shown in Table 2. There exist many useful relations
between these quantities:

N = —S

K w —n I
€ =C4 = —C3p Cp =0C3 = —Cyp» (24)
S = 7S84 = S325 Sy = =83 = S125
h=—ly=—bhp, bL=—l==l)

The eigenvectors of the matrix M will be obtained
separately in four cases:

Case (i). p = 1 = £31,£3 (p = p # real).

In this case the matrix M is three-dimensional. In the

basis ¢ uu and ¢uw
Cy 0 —i51/2s2#
M=2 0 2, +¢y, c,t1 (25)
i5'%s,, ¢, +1 2, +1

with eigenvectors

1053
w» €y and t,
Sp =83 5, =581
[10+ 2(5)1/2]1/2/4 [10 — 2(5)1/211/2/4
Sy L 5y C
[50 — 22(5)21/%/16 [50 +22(5) 2] /16
P — N | gl + ik —2¢,)(c, +1) &
I A " 51/2S2M(A _ 4C/J- _ 262;4) o
A —2c
A
2(5)1 25, ¢;Lu:| (26)

and eigenvalues A =3, —2, 12¢,.

Equation (26) gives the algebraic expression of the
projection operators as a function of A. This expression
is very elegant if the quantum number A is used as an
irrep label. Unfortunately, most are not familiar with
this new labelling scheme and therefore it is more
convenient to change back to the Mulliken notation.
From (26) and Table 1, we obtain the projection
operators in a more explicit but less compact form:

P = (1/3)[8), — (/5" bl
+ /5,5,

= (12", + (i/5')25,,;,,
—(i/5")25,,8}, ). w=%h 43
(1/6'7)[¢,, +(:/2>5“2s2u Dr
+(i/2)5"s, ¢},

(Is2)1n
P
' 27)

'PELEWM

where 1, =s,/c,,.

Case (ii). p = —f1 = +1,£3 (p = p* # real).
The matrix M is again three- d1mens1onal In the basis

2 43
w> Yu—p and ¢/L o
21/2
?‘2 5778y, 0
M=2|-i5"s,, 2,41 —c,—1 (28)
0 —c,—1 2¢,+¢,

The eigenvalues are the same as for case (i), while the
eigenvectors are given by

A —2c
2(5)1/2
A —2c,)(c,+1)
1/2 = : ¢i¢ﬂt . (29)
5 szu(k —dc, — 2C2u)

Pﬁ)ﬂL = N)L |:¢;2/, —i—— ¢;¢ n

This gives
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W = (13— /58,
— (/58]
Pl _ (/2% + (i/5")2s,, 85,
+ (i/51/2)2SM¢17;L]v w==+ 43
,PLEM)—H _ (1/61/2)[¢i — (i/2)5”2S;1¢Z_M

+(i/2)5" 53,9}, -
(30)
Case (iii). (i : 1) = (£1, £3).
We use the symbol (u : 1) to denote (u, i) or (i, ).
Now ¢! = ¢* =0 and the double-induced representa-

tion becomes two-dimensional. In the basis (¢’
the matrix M simplifies to

M:2<
G

This matrix has the nondegenerate eigenvalues 3 and —2
with the eigenvectors

_ A—2¢, —2¢; —2¢,4
'th)ll» = N)» |:¢?/./L - ki ¢;mj| )

262u+2u + 2cm+2#

Wi uu)

Ca + Cu + Cuti

—(Coptoz + C3u+2g)>
—(Capoi T C3p4272)

Cu + Ca + Cu—p

A =3, 2.
(32)
That is,
(s )it
{ n (2/5]/2)[S2<M+#>¢w u+ﬂ¢1g]v
(G3/2)it
Pu " = /5 s B = S il
(12 1) = (£3, ).
(33)

Case (iv). ;0 or/and i are equal to %

When p = =3, the matrix in (22) reduces to
—2 x I, where I is a 4 x 4 unit matrix, and it has a
fourfold root A = —2, corresponding to the six-dimen-
sional irrep [;),. For A = =2, we have four linearly
independent eigenvectors,

¢§17 ¢§2s (pgis ¢g§
2 2 22 22

When (u:f)=G,+43)., (3, £3), the matrix in (31)
becomes —2 x I, where I is a 2 x 2 unit matrix,

(34)

and its eigenvalue A = —2 has double degeneracy.
The two linearly independent  eigenvectors
are

From (34) and (35), we know that for either u or it equal
to 3 the eigenvectors of (C,Cs, Cs,) still have
degeneracy and we need to use the operators C,g
and C,g to lift the degeneracy by dlagonahzmg Cos
and C28 in the space {¢,,, %z} with o or/and

Mzz-

uw
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Using the group table of I™ and (18a), we obtain

Cosdy = ¢ Cogdly = . A=F3. 453 (36a)
éz.sd’% = ¢’§’ Cz,sﬁbig = 452;, n = ilv i%v%- (36b)
Note that from C,lx) = |y), (_/’2‘8|x’) =|y’), we have

C2,8|Y> = —|x), C2,8|y/> = —|x), due to C%,g = —e
And using (36), we obtain the common eigenvectors of
C, 5 and C, 4 in the spaces (34) and (35):

P(IS/Z)[izl — (1/21/2)((% + i¢§)’
Pfiéf“%] = (1/2")}, F idy).

PE = )@ g ), =+,
(1 ) -
Py =127, - i), =454,
(37
where we used the fact that the eigenvalues v = —i and i

of C,4 correspond to the one-dimensional irreps [+3]
and [— 3] of Dy, respectively.

4. The I D D5 D Cs reduced projection operators

Substituting (18a,b) into (27), (30), (33) and (37)
and choosing appropriate phase factors as
described in Fan er al. (1999), we get the projection

operators 73( in terms of P*B.P™ According
to (9), by deleting the factor (h,/60)"/>P*PH,
we obtain the following reduced projection
operators:
i =1+ /s bs + 53 Bl
i = DA — /(5 By — syl B,
w==+o,0=1%3 (38q)

P =16 — (i/5)(ty, By — 1, By),
(Gz/z) " (=1 2L ,32 — (i/5)(t, ,33 +lz,u34)]

w==h+3 (38b)
(G3/2)it 2 2
Lo v = [2(3)1/2/5]9;4;2[S2(u—ﬂ)ﬂ3 - Su—ﬁIB4]’
() = (&5 1),
where 0.2 =05, are phase factors,
U= —03=0y="044=1
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Table 3. The phase factors 9,“1 of I P
1 _1 3 _3 5 _3
2 2 2 2 z] [ 5
1 -1 —i i @i/5"%)at (i/511/22)otl
-3 i i —(1/5")af (1/5 /Z)Ol’f
H 1 (/52 )er (/55
-3 (1/5")a, —(1/5")a3
B —(1/5"")a;
O =05, a =2s,+is), o= (1/2Y2)(—ty +it;), a3 = (8/5Y%)(s, + is;c3).
(Is/2) 2
Lo e % [ /1./33 s2u:34]v D(EI/Z)(C ) = |:Pé 0 ]
(s) . . A 2 R I ’
T = (TP, + 3G By + 5, ) P
Us )i - - 1 0
9" = (821500, 105204 05 — Ssibals e (39a)
() = (&5 ) DE(By) = —%[S'_l : 1}
s =Sy
(I )[:t]
[j:é]z 2 ( + 1,32) D(EI/Z)(IB ) i |: _52_1 sl_l :|
s p)E] A A 2] st st |
6’«)[;]2 =/ 5Y/ 2)9[:&%],[:;%](ﬂ3 Fify) ! :
o = (17596, (B £ 1By,
w==4i 13 DER(C, ) = py 0
(15/2)/1 _ 1 5]/2 9 ~ ) " - :I:l :|:§ 0 '07%
s = (1/57%) [ia],,z(ﬂ3 Fip,), n=d25 L5,
[+] 2 ~ 0 -1
(38¢) D) (B,) = :
Lo 1 (39b)
where the phase factors 6, ; = —6% , are listed in Table DER(B) = — L |: 205 ,
3. It is important to note that a reduced projection ‘ 20 571 8!
operator contains 4 rather than 60 terms, which repre- . iTs™! st
. . . . D(E3/2)(ﬂ ) _ 1 2
sents a major simplification. = o
S0 T8
Ty 00 0
5. The I D D5 D (s irreducible matrices 0 o 0
D'%2)(Cs ) = ;
Algebraic expressions for the reduced projection 0.0 py 0
operators are functions of the quantum numbers A, i, & L O 0 o
only and thus are very concise; nonetheless, they contain ro 0 -1
nearly all required information about irreducible matrix (Gom)y A 0 1 0
clements. Specifically, for constructing SAFs the D B)=|
reduced projection operators suffice; however, if one 1 0 0 o
needs to find the CG coefficients, a knowledge of the - = 232 232 ,
irreducible matrices of the coset representatives is also ' ) 2 . "
required. A prescription for finding the latter follows. DG(By) = - 20) 232 h —h 20 , 51
Since the operator Cs4 = Cs, is dlagonal in the 51 2)s, b —h 23)'"2s,
I D C; basis, its irreducible matrix is DW“(Cs 6) = ,oMSW f —203)"%s,  2(3)Y2s, t
On the other hand, according to (9b), the coefficients in —t, 203)%s;  —2(3)Y%s, —t,
front of the coset generator B;/M; in the reduced . 2(3)12s —t —t 2(3)2s
. . . ! ! . D(Gz/z)(ﬂ ) = —— 1 2 1 2
projection operators are just the complex conjugate of 4 —2(3)!/2s, -1, f 23)'2s,
the matrix elements of §;. Therefore, from (38) one can — 23) s, 2(3) s ;
read off the irreducible matrices of the double-coset ? ? 1 ' (390)

generator f,, B35, B, directly:
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Table 4. The elements of double cosets

i 0 1 2 3

Cl 1 2 14 —15
cl 53 s3 54 49 —59
(j, k) (0,0) (0,1) 0.2) (0,3)
Cl,-58-Ck 58 —21 —30 —28
cle-50-Ck, 50 -35 -13 -6
(j, k) (2,0) (EAY) (2,2) (2,3)
Cl,-58-Ck, 7 4 36 57
cle-50-Ck, 29 39 2 55
(j, k) (4,0) (4.1) (4.2) (4.3)
Cl,-58-Ck, ~20 —48 19 38
clo 50k, —34 —s1 27 5

The eigenvalue p is related to the irrep label u of Cs by p = exp(—2umwi/5).

indexed in Table 2 of Fan et al. (1999).

With the rows (columns) in the order of
[+3].3,1, —1,—3,[—3], the matrices for the irrep I5),
are

DR)(Cs ) = {05 P32 P15 P12 P35 Pshaiag

- 0 0 0 0 0
0 o 0 0 1 0
A 0 0 0 -1 00
DEMEI=| 0 4 1 g 0 o)
0O -1 0 0 0 O
0 0 0 0 0 i
0 —a, —of —iof iot, —aj
—o =25, —81%, 8%, 2, —a,
D“wz)(ﬁ%)zi a, —8Y%,  —2s, 25, 81/%s, —.ozf
TSI e 8%, 2sy 2s, =8, —ia}
—iods 2s, 8125,  —82%, 28, iot,
—ot3 —o —oy ior —ict; 0
(394)
0 i, ior} —af o, ioy
—ioy 25,  8Y%s, 8% 25, ia,
D“‘[’”(&):-L —icr; 8%, =25, =25, 8%, ia}
512 —a,  —8Y%5; —2s, 25, 8125, —at
o 25, 8%, 8%, 25,
—io;  —ioy —ioy —oy o; 0
(39¢)

where the identities (24) have been used and
@ =2s, +is), = (1/2"7)(=1, + i),
o3 = (8/51/2)(52C% + is ¢3).
Chen & Fan (1998¢) show that when calculating CG
coefficients with the reduced projection operator only
the irreducible matrices of the above double-coset
representatives are required. If one needs the irre-

ducible matrices of other elements, they can be obtained
through the following simple formulas:

DYN(CLoBo) = Pl DA (B),

A i 5 A 5
DG)(CL o BsCE o) = p, DV (By) ok,

A / N i A s
DG)(CL o BiCEe) = pl, D (B)AL.

(40)

4
-3
—47
(04) (1,0) 11 1.2) 1.3) (1.4)
—16 -17 —42 —32 —24 —52
—44 —45 —11 -8 —41 —56
24 (3,0) (3.1) (3.2) (3.3) (3.4)
—40 12 26 46 37 -9
—25 31 18 60 -23 -33
(44)
43
10

The bold-face integers are indices of the group elements of I as

Using the group table of I, we can obtain the pair of
indexes (j, k) for each element of I', as shown in Table 4.
Equations (39) and (40) give the algebraic expressions
of the irreducible matrix elements.

6. The I O D5 D) C5 SAFs

We now derive algebraic expressions for SAFs, which
are functions of the angular momentum j, the quantum
numbers A, u and the multiplicity label 7. As shown in
Fan et al. (1999), the SAFs can be obtained by applying
the reduced projection operator to a trial state |jm),

(41a)

Y ML) o=

§L)m = pjt)lL']m)’
where magnetic quantum number conservation rules
apply,

m=pQ, m=/[U. (41b)
Here, m=f means m = jt (mod 5) and for each irrep we
need only one set of the reduced projection operators
with a specific intrinsic quantum number &, which is
chosen to be 1 for all irreps except the E, /2 in which case
@ =3, that is,
1
e, (41c)
Using the D function from Rose (1957) and the Euler
angles for the coset representatives listed in Table 2 of
Fan et al. (1999), we have that

Byljm) = (—=1)/™"| j — in),
Bsljm) = 3 exp(—imm)d),; (Bs) jm),

Bilim) = - exp(—imm)d),; (B, jm),

@LEM)% BOELGW)% SOELIS/Z)%-

9 )

(41d)

where 8;, =7 — w and B, = .
From (41a)-(41d), we obtain the unnormalized
I D Dy D Cy5 d-v SAFs:



PENG-DONG FAN, JIN-QUAN CHEN AND J. P DRAAYER

1057

Table 5. The multiplicity ‘l:{ of the irrep \ of the group I in the subduced rep D/ |, I

j A F, F, G H
0 1

1 1

2 1
3 1 1

4 1 1
5 1 1 1
6 1 1 1 1
7 1 1 1 1
8 1 1 2
9 1 1 2 1
10 1 1 1 1 2
1 2 1 1 2
12 1 1 1 2 2
13 1 2 2 2
14 1 1 2 3

D/ =reg—D¥7, j=1531/2,..., 28,57/2,29.

j E1/2 G3/2 15/2

12 1
3/2 1
5/2

72 1
9/2

11/2 1

13/2 1 1
15/2

17/2 1
19/2
21/2
23/2
25/2
27/2
29/2 1

1=0,1,2,...,29,

—_

—_ = e
WWWNRNNNDNRFRE ===

NN = NN === ==

[ S =

reg = A +3F, +3F, +4G + 5H.

Dmﬂznwg+UJ=1ﬂJﬂpujW2Dwﬂ—wg—2ﬂﬁ+2@ﬁ+4Qﬂ+Hm

(i) Two-dimensional irreps

" = ) +5 Y [0 s3] (B)

+(—1)"””2s’1d"—(/-%)]!jm), n=153 @)
=(=1)/"j—m) =3 > [(=1)" s d (85

— (1" sy0d,5(B)]| jm).

(ii) Four-dimensional irrep

(E )m

=) = 3 [ (B
2 m=1/2
+ ()" d) ()] | m),

PO = M+ 8 [ d) 8

m=—1/2

+ (=" d,, (8] | im), (43a)
(G3p)m m j
Wu'/ = Z [(_1) H/zszufld,]m(ﬁs)
m=p
+ (_1)m71/zsu—1/2d}{;’lﬁl(ﬁ4)]|jm)’ n= i%'
(iii) Six-dimensional irrep
Uspp)m . — n—
V= 1m) 42 8 [(=) T syd)(Bs)
m=1/2
+ ()" syd) 5 (B)]] im),
(Is)p)m m - J— i
=T m) =2 Y (1) syd(Bs)
m=—1/2
+ (1" sd), i (BY)] | im), (43b)
Usp)m - m— j
PP = (=1 2 (1", 41d),(B3)
m=p
- (—1)m_1/2%+1/2dfmh(ﬂ4)]|fm>a = i%’
Y = A A g,
2. 2 2

where

(st _ ) [(_1)'71*’/2s2d£1,;1(/33)

2 m=5/2

+ (=125, (B)] | jm)
=S [0 s d) (B

m=-5/2

(44)

+ (_1)m+1/2s2d;{nrh(ﬂ4)] | ]m)

are two real functions. As will be shown later [see
equations (47) and (48)], these functions form the
SO, | I irreducible basis. Note that except for the irrep
I5),, the I O C; SAFs and SO, | I SAFs are identical for
all irreps (including all s-v irreps, and the d-v irreps E ,,
E;), and G;),).

7. The multiplicity problem and symmetries of the SAFs

In (42)-(43b), the quantum m serves naturally as the
multiplicity label of the irrep A in the subduced rep
D/ | I, and its possible values are decided by (41b) and
(41¢), that is

.

In general, SAFs y" with different 7z may be neither
orthogonal nor linearly independent. When an irrep A
occurs only once in D/, m may take any permissible
value. The results with different m differ at most
by an overall phase. When an irrep A occurs t times,
we need to let m taking t different values,
m=p,n+5,—>5,.... According to our experience,
the 7 sets of SAFs wff)';’ are always linearly independent,
though not orthogonal in 7. In practical calculation, as a
check we evaluate the determinant of the T x 7 overlap
matrix,

for  E ), Gy, sy
, for Ej),.

SIS T
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Table 6. The d-v SAFs for 1 D Ds O Cs [|I;,, = %) are SO; | I SAFs, see equations (43b) and (44)]

1 o= 1 3
2 m=3

j= = |E1/2#>=|%M)sll=i%, i=3

j=3 m=3% lspp) =3, £ 43, 43

=1 m=-1

|Es3) =2 x 3 x5)2/(2 x 5)]13-) + [(@x5x7)"2/2x 353
|Es, =3 =2 x5 x D /2 x5)]1F-3) —[(2 x 3 x 5)'?/(2 x 5)]
j=% m=-3

s/ 2) = [2(5 x 29)2 /57|18 —
s, —3) =[B3 x5 x 13 x 29)1/2/(2 x 57 x 29)]|1¥ -1
s 2) = —[33(2 X 3 x5x29)2/(2 x5 x29)]| ¥ ” B
+[(2x3x5x%x7x13x29)"2/(5* x 29) L1y
-3 =[2x3x5x%x7x13x292/(5* x 29)]| ¥ —
—[3°(2 x 3 x 5 x29)"/2/(2 x 5% x 29)]| £'])
5,3 = [11(2 x 5 x 7 x 13 x 29)2/(2% x 5% x 29)]| & i
—[11(2 x 3 x 5 x 11 x 29)1/2/(2? x 5 x 29)]|23)
3= —[72 x5 x 7 x 13 x29)"/2/(2* x 5 x 29)]| ¥ — ”
+[17(2 x 3 x 5 x 11 x 29)'/2 /(2> x 5* x 29)]| & 155

s/,

s/, —

m= l
gl =3 x5 x 7 x 1112/ x )| 5=
[y —1) = ~{5 x 7 11 x 13/2/(2% x S 5~ 1)
53 = —[72 x 5 x 7 x 11)2/(2° x ]| 5 —
s, =3 = —[2 x 5 x 11 x 13)/2/(2* x )| 5 - 2) —
) =12 x 3 x5 x 11 x 13)2/@2 x )| 5 —
FI2 x 3 x5 x 11 x13)2/(2° x )] L)
H=[2x3x5x11x13)12/(23 x )| £ -1
—[2x3x5x11 x 13)"2/(2? x )] 5L

|15/2 -

=1

: 1
J=%
|E523) = 23 x 5 x 13)2/(3 x )] 5 —
—[@x3x5x13x17)2/(2 x 3 x )| F%)
H=—[2x3x5x13x1N?/2x3x5)L-L

—[(3x5x7x 17)2/(3 x 5)]| 41

1B/ —

m=—
1Gsp3) = [(5 x 7 x 1) /]| ] =) +[(2 x 5 x 13)2/5°]| 1)
|Gz/2 *% =—-[2x5x 11)1/2/52“ g 11)

[N

[(2 x5 x 13)2/5°]| % —

G 3) = =23 x 11 x INV2/B x )| -5
+1[2 x3x11)"2/(3 x 59| 1713)
|G, —3) =2 x 3 x 12/ x SHE -5 +[22 x 3 x 13)2/(3 x )] ¥ -

+ 203 x 11 x 17)2/(3 x 52)] L;g

det|(y " |y

for any given value of w. If it is nonzero, then the t sets
of SAFs "™ are linearly independent. We checked the
cases with j up to 59/2 and no example of linear
dependence is found. To find numerical results from the
algebraic expressions, the multiplicity 7] for the occur-
rence of the irrep A of [ in the subduced representation

Y+ 126 x 5)2/5015D

—Bex5xN"7/@2x )5 -

Iy —[Bx5x7x17)'"?/3 x 5)]| ¥ -1

m=5 |Gyp) =130), p==454

1

m=;

s 3) = =17/ x 23— + [1/(5 x 212)]|13)

Ils23) = [<2 x5 xD/2x 55— =2 x 3 x5)"2/2 x5)]133
s ) =139)

s, —3) = —13—3)

sy =3) = [2 x 3 x5)'?/2 x -3 +[2 x 5 x 7)1/2/(2 x 513
sy =3) = =[1/(5 x 2")]13=3) = [7/(5 x 21/2)]| 13

HHBExTx 11 x29)2/(2 x 57 x29)]| £ 1) +[3(3 x 5 x 13 x 29)/2/(2 x 52 x 29)]| B 1)
—[3(5x7 x 11 x 29)'/2/(2 x5 x29)|¥ -1
—[19(2 x 5 x 11 x 29)'/2/(2 x 5% x 29)]| & 1”

+ 125 % 29)/57] )

” ) +[192 x 5 % 11 x 29)2/(2 x 5% x 29)] | § —3)

=L +[17(2 x 3 x 5 x 11 x 29)"/2/(2* x 5* x 29)]| ¥ —3)

—[7(2 x 5 x 7 x 13 x 29)1/2/(2% x 5% x 29)]| L L)
+[11(2 x 3 x 5 x 11 x 29)1/2 /(2% x 5% x 29)]|
—[11(2 x 5 x 7 x 13 x 29)1/2 /(22 x 5% x 29)]|

5
2
L

3
L

1515
2

—[(5 x 7 x 11 x 13)12/(22 x 52)]| 814,

—[2G x5 /F)5=3) +16 x5 x T x 11)'12/@ x )] 53)
DHIex3x5x NI x
[2%x3x5x7/(2>x52))L
Ly 4+ 112 x 5 x )2/ (23

SNEI — (2 x 5 x 11 x 13)"2/(23 x )] 58)
Z) —[72 x5 x 7 x 1112/ x 52 )]| £1)
X N5 =3+ B2 x5x7"2/2x 153

H+[112 x 5 x DV2/(23 x 59)]1£3)

+[(2x3x5x 11 x17)'2/(2 x 3 x 5%)]|13)

—[2x3x5x 11X 17)2/@ x3x T -3
—[26 x5 x 13)2/G x Y

—[(2 x 5 x 11)/2/54]| 21
D415 x 7 x 11)2/52]1 29
—[Bx7x 11 x 13)12/(3 x ]2 =1) — 22 x 3 x 13)12/(3 x 5))]| 13)

3 —[3 x 7 x 11 x 13)'2/(3 x 5%)]| Z3)

D/ | I is calculated first by using the character theory
and is used as a control parameter for the calculation.
An orthogonal procedure is not included; to do so would
lose the simplicity of the algebraic expressions for SAFs.
The table of the multiplicity 7 is given in Table 5.
With the algebraic expressions in hand, it is very easy
to find the exact numerical expression of the SAFs y/{"
for any j with the help of some software such as Maple

B
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(Char et al., 1992). Part of the d-vI D D5 D C5 SAFs are
listed in Table 6. They are all linearly independent, but
not orthogonal with respect to m. Our result are iden-
tical with the tables given by Damhus et al. (1984, p. 439)
for j = 1-3 for the multiplicity-free case. _

From (42) (44) and using properties of d’ .(B) as
given in Rose (1957), we can derive the following
symmetries for the SAFs:

(E, )m (E)m

(™) = (/7= miS), =45
(jm|w(p163/2)'h) _ (_1)i+m+ufl/2<] m|w(G3/2)m)’
13
"=33
. (Is5)m m (s )it
(]mhbl‘_i/z ( 1)/ +u— 1/2< |lﬁ 5/2 )’
w=533
(45)

Clearly, the SAFs have high symmetry and the symmetry
is independent of the multiplicity label m.

8. Discussion and summary

The projection-operator method is often quoted as
extremely difficult for large-order groups. By using
reduced projection operators, the projection-operator
method becomes extremely simple and powerful. This
has enabled us to find algebraic expressions for SAFs of
1. Another interesting point is that, among the 60
elements of I, only the 4 double-coset representatives
play a key role. The role played by all the other
remaining elements is merely to ensure that the
magnetic quantum number conservation rules are
satisfied for the initial (trial) state and for the final
(projected) state.

McLellian (1961) used the subduction method to
derive the irreducible matrices of the group I. The
D/ | I subduced representation is irreducible for
j=13%.3.3 corresponding to the irreps E,,, Gy, Is).
The irreducible basis obtained by the subduction
method is called the SO; | [ irreducible basis, and is
labelled by (A, m) or (I', m), where m is the quantum
number of j. McLellian also gives the irreducible
matrices of the generator 8, = C, 5, which is denoted by
the symbol C in the McLellian (1961) article. Notice that
McLellian used p,, = exp(27wm/5i) and his quantum
number m is equivalent to our —u. The relationship
between the SO, | I irreducible matrix in McLellian
(1961), denoted as D* (R,), and our D™(R,) is

D™(R,)) = U"'D™(R,)U, (46)

where U are
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URP = {1 iJae U™ = {1 i)y
U2 ={1 1 i —ilgy,
12> 0o 0 0 0 —(1/2'?
0 10 0 0 0
Ul — 0 01 0 0 0 ’
0 0 0 i O 0
0 0 0 0 —i 0
a2 o 0o 0o 0 (1/2'?)
(47)

where the rows of the matrix U2 are of order

531 _1 _3 _5
Mm=3:3:2>"2"2""7%
The corresponding irreducible basis denoted by wl

given by

Z mu (48)

However, the irreducible bases . differ from the
McLellian basis by phase factors owing to the different
choice of the coordinate axes. From (43b), (47) and (48),
we know that Y123 in (44) are the SO, |, I irreducible
basis.

The I D Ds D C5 SAFs obtained in this paper and
those derived by Butler (1981) are identical up to
phases; and all are real except for the irrep Is,, asso-
ciated with the components y = [£3]. The latter is in
contrast with McLellian (1961) who gives SAFs that are
all complex.

In summary, the algebraic expressions (38) for the
reduced projection operators and equations (42)—(44)
for SAFs in the group chain I D Dy D Cs have been
derived using a double-induced technique in an ab initio
way. The algebraic expressions for the former are only
functions of the quantum numbers (A, i, 1), and those
for the latter are functions of only the quantum numbers
(J, X, u, m) with m serving as the multiplicity label. With
the algebraic expression of SAFs available, the
symmetries of SAFs were found. Combining this study
for the d-v case with the previous one for the s-v case, a
complete solution for the SAF problem of the icosahe-
dral group [ is achieved (for the cases with multiplicity,
the SAFs are determined only up to an equivalence
transformation).
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